We study the geometry of a codimension-one foliation with a time-dependent Riemannian metric. The work begins with formulae concerning deformations of geometric quantities as the Riemannian metric varies along the leaves of the foliation. Then the Extrinsic Geometric Flow depending on the second fundamental form of the foliation is introduced. Under suitable assumptions, this evolution yields the second order parabolic PDEs, for which the existence/uniquenes and in some cases convergence of a solution are shown. Applications to the problem of prescribing mean curvature function of a codimension-one foliation, and examples with harmonic and umbilical foliations (e.g., foliated surfaces) and with twisted product metrics are given.
Introduction
A Geometric Flow (GF) is an evolution of a given geometric structure under a differential equation related to a functional on a manifold, usually associated with some curvature. The popular GFs in mathematics are the heat flow, the Ricci flow and the Mean Curvature flow. GFs play an essential role in many fields of mathematics and physics (see [1] , [12] , [14] for the heat flow and Ricci flow; and [5] , [9] - [11] for foliated Riemannian manifolds). They all correspond to dynamical systems in the infinite-dimensional space of all appropriate geometric structures (e.g., metrics) on a given manifold. GF equations are quite difficult to solve in all generality, because of their nonlinearity. Although the short time existence of solutions is guaranteed by the parabolic or hyperbolic nature of the equations, their (long time) convergence to canonical geometric structures is analyzed under various conditions. A GF on a foliated manifold is called extrinsic, if the evolution depends on the second fundamental tensor of the foliation.
One of the principal problems of extrinsic geometry of foliations reads as follows: Given a foliation F on a manifold M and an extrinsic geometric property (P), does there exist a Riemannian metric g on M such that F enjoys (P) w. r. t. g?
Such problems (first posed by H. Gluck for geodesic foliations) were studied already in the 1970's when D. Sullivan provided a topological condition (called topological tautness) for a foliation, equivalent to the existence of a Riemannian metric making all the leaves minimal.
Let M n+1 be a connected smooth manifold with a codimension-one foliation F, and a vector field N transversal to F. A Riemannian metric g on M is adapted if g(N, T F) = 0 and g(N, N ) = 1. Denote by M the space of adapted Riemannian metrics of finite volume for (M, F, N ).
The definition of the F-truncated (r, k)-tensor fieldŜ (where r = 0, 1, and is the T Fcomponent) will be helpful,Ŝ(X 1 , . . . , X k ) = S(X 1 , . . . ,X k ) (X i ∈ T M ). For example,ĝ is the We call the Extrinsic Geometric Flow (EGF) on (M, F, N ) (see Section 4) a family g t of adapted Riemannian metrics (i.e., g t (N, T F) = 0, g t (N, N ) = 1) satisfying along F ∂ t g t = S(b t ).
(
Here S(b) is a symmetric F-truncated (0, 2)-tensor expressed in terms of b. Recently, the author and P. Walczak studied EGFs on codimension-one foliations, see [10] - [11] and [9, Parts 2 and 3],
where the symmetric F-truncated (0, 2)-tensor h(b) is given by
and f m are either functions on M × R or symmetric functions of the principal curvatures of F. The EGFs (2) reduce to the first order PDEs and yield quasi-linear hyperbolic PDEs. In the paper we introduce and study EGFs (1) of the form
The F-truncated symmetric tensor h(b) can be expressed in terms of the first partial derivatives of the metric g. Therefore g → ∇ N h(b) is a second-order differential operator. Hence, (3) reduce to the second order PDEs and yield quasi-linear parabolic PDEs (as will be shown in Sections 5-6).
EGFs preserve the properties of codimension-one foliations: umbilical (A = λ id, see Proposition 7), totally geodesic (A = 0), and Riemannian (∇ N N = 0).
We show that EGFs serve as a tool for studying the following question on geometry of foliations: Under what conditions on (f m ) and (M, F, g 0 ) EGF metrics g t converge to one for which F enjoys a given extrinsic geometric property, e.g., is umbilical, totally geodesic, harmonic, etc?
The structure of the paper is as follows. Section 2 collects main results of the paper: in Theorems 1-2 we study local existence and uniqueness of EGFs (introduced in Section 4); in Theorems 3-4 and Propositions 1-3 we apply the method to the problem of prescribing mean curvature of a foliation. Section 3 contains formulae for the deformation of extrinsic geometric quantities of a foliation as the Riemannian metric varies along F. Section 8 contains examples for EGFs on foliated surfaces. Section 9 (Appendix) collects the necessary facts about parabolic PDEs and extend results of [9] about the generalized companion matrix.
Main Results
The power sums of the principal curvatures k 1 , . . . , k n of F (the eigenvalues of A) are given by
The τ 's can be expressed using the elementary symmetric functions
Notice that σ 0 = 1 and τ 0 = n. Set − → τ = (τ 1 , . . . , τ n ) and − → σ = (σ 1 , . . . , σ n ). The choice of the right-hand side (in EGF equations) for h(b) seems to be natural; the powers b m are the only (0, 2)-tensors which can be obtained algebraically from the second fundamental form b, while τ 1 , . . . , τ n (or, equivalently, σ 1 , . . . , σ n ) generate all the scalar invariants of extrinsic geometry. Powers b m with m > 1 in (3) or (5) are meaningful; for example, EGFs
produced by the Newton transformation T r , see Example 4, depend on all b m (m ≤ r).
for any vector fields X 1 , . . . , X j . The following EGF is similar to (3):
Since h(b) is a symmetric F-truncated (0, 2)-tensor, L N h(b) preserves this property:
Theorem 1 (and Theorem 2 in what follows) about EGF (3), are also valid for EGF (5) .
Define the quantities µ mij , depending on the principal curvatures (k i ) of A, by
Remark that µ 1;ij = 1 for all i, j. The ellipticity condition for EGFs takes the form
In case of umbilical foliations (i.e., A = λî d), the condition (6) reads as
Theorem 1 concerns the local existence and uniqueness of EGFs with f m of type (a).
Theorem 1. Let (M, g 0 ) be a closed Riemannian manifold with a codimension-one foliation F, and let f m ∈ C 2 (M × R). If (6) is satisfied on M for t = 0, then there is a unique smooth solution g t of (3) defined on a positive time interval [0, ε).
So, given f m ∈ C 2 (R), if (6) holds for t = 0 then there is a unique smooth local solution to
The generalized companion matrix B n,1 is defined in [9] , see Section 9.2. Consider the matrices
The next Theorem 2 about EGFs with f m of type (b) is based on Theorem 1.
Theorem 2 (Short time existence). Let (M, g 0 ) be a closed Riemannian manifold with a codimension-one foliation F and a unit normal N . Given f m ∈ C 2 (R n ), suppose that at t = 0 the condition (6) is satisfied and the matrix B n + A, see (7), is negative definite on M . Then there is a unique smooth solution g t of (3) defined on a positive t-interval [0, ε).
The corresponding system for τ 's (see Lemma 1 in Section 3 with
where
The above in-homogeneous parabolic system for τ 's along N -curves (see Appendix), has a unique solution for 0 ≤ t ≤ ε.
(ii) Consider EGF with f m of type (b), given along F by
and a ∈ M . The system for τ 's (see Proposition 9 in Section 9) is parabolic quasi-linear
The solution is unique and exists as long as − → τ is bounded.
A foliation with vanishing τ 1 is called harmonic; its leaves are minimal submanifolds. A foliation F is taut if there is at least one metric on M for which F is harmonic. The known proofs of the existence of such metrics use the Hahn-Banach Theorem and are not constructive. In particular, F is taut if and only if there is a closed transversal curve that intersects each leaf, see [2] , [7] . For example, a Reeb foliation on S 3 is not taut.
Theorem 3 (based on Theorem 1) helps us to find in some cases a one-parameter family of metrics converging to the metric for which F is harmonic. 
admits a unique smooth global solution g t (t ≥ 0). Moreover, if N -curves compose a fibration
, then the metrics g t approach to a smooth metricḡ as t → ∞, and F isḡ-harmonic.
Remark 2. One may replace (8) in Theorem 3 by the PDE (10) in what follows. By Example 7 (in Section 8), the claim is false without condition "N -curves compose a fibration".
Let M = M 1 × S 1 be the product of a Riemannian manifold (M 1 , g 1 ) and a circle (S 1 , g 2 ). For a positive function f ∈ C 1 (M ), the metric of a twisted product
The foliation F = M 1 × {y} is umbilical with the mean curvature vector H = −∇(log f ) ⊥ . Proposition 1. Let M 1 × f S 1 be a twisted product of a closed Riemannian manifold (M 1 , g 1 ) and a circle (S 1 , g 2 ). Then EGF (8) admits a unique smooth solution g t ∈ M for all t ≥ 0, consisting of twisted product metrics on M 1 × ft S 1 . As t → ∞, the metric g t converges to the metricḡ of the product
Then EGF (8) has a unique smooth solution g t ∈ M for all t ≥ 0, consisting of twisted product metrics on the torus T 2 . As t → ∞, the metric g t converges in C 0 to the flat metricḡ on T 2 .
satisfies the inequality for g 0 (where functions F k , Ψ k are defined in Proposition 4):
Then (9) admits a unique smooth solution g t defined on a positive t-interval [0, ε). 
We shall illustrate Proposition 2 for f =
Solving these systems and using relations τ k = F k (τ 1 ) and σ k = F k (σ 1 ), see Proposition 4 in Section 3, one may find a local solution of EGFs (11).
Using Propositions 2 and 12 (in Section 9.1), one may show the following.
Theorem 4.
If for some real c > 0 the following ellipticity condition holds:
, then g t approach to a smooth metricḡ as t → ∞, and F isḡ-harmonic.
A compact saturated domain D ⊂ M is called a (+)-fcd, if the transverse orientation of F is outward everywhere on ∂D, and (−)-fcd if the transverse orientation of F is inward on ∂D. P. Walczak and G. Oshikiri studied the question for codimension-one foliations (see [6] , [15] etc):
Which function F on M is admissible, i.e., can be the mean curvature of F w. r. t. some Riemannian metric on M ? It was proven that F is admissible if and only if F (x) > 0 somewhere in any minimal (+)-fcd and F (y) < 0 somewhere in any minimal (−)-fcd. In view of the integral formula by Reeb, see [9] ,
the condition M F d V = 0 (for some oriented volume form dV on M ) is necessary.
In the next proposition we show how to produce in some cases a one-parameter family of metrics whose mean curvature (of F) converges to a prescribed function.
has a unique smooth solution g t (t ≥ 0). Moreover, if each N -curve is dense in M , then lim
F -truncated variations of geometric quantities
Let M 1 ⊂ M be the subspace of metrics of unit volume, and
(with 0 ≤ t < ε) be a family of metrics with vol(M, g 0 ) = 1.
The volume form of g t evolves as, see [14] ,
If S t = s tĝt , where
Recall that the Levi-Civita connection ∇ t of a Riemannian metric g t on M is given by
for all vector fields X, Y and Z on M . Since the difference of two connections is always a tensor,
Differentiation (15) w. r. t. t yields the formula, see [14] ,
Notice the symmetry Π t (X, Y ) = Π t (Y, X) of the tensor Π t . Next, we find the variational formula for A, and apply it to symmetric functions τ j and σ j of A.
Lemma 1 (see [9] ). Let g t ∈ M and S = ∂ t g t -a F-truncated tensor. Then the Weingarten operator A of F (w. r. t. N ) and the symmetric functions τ i and σ i of A evolve by
For S = sĝ, where s ∈ C 1 (M ), we have
Remark 3. Let (M, g =ĝ ⊕ g ⊥ ) be a Riemannian manifold with a codimension-one foliation F and a unit normal N . Given ϕ ∈ C 1 (M ), define a metricg = (e 2ϕĝ ) ⊕ g ⊥ . Then the second fundamental forms and Weingarten operators of F w. r. t.g and g are related by, see [9] ,
for k > 1. For small k, we have
The t-independent functions φ k = F k (0) and ψ k = Ψ k (0) on M are determined at t = 0 by recursion.
Proof. (i) We will prove (20) by induction. Notice that the last term (with
By Lemma 1, the system for τ ' reads as
By (22) 
Assume that (20) holds for some k ≥ 2. Using (22) 3 , we find
. (23) By (22) 
. Substituting this into (23), we obtain ∂ t τ k+1 = ∂ t F k+1 , and hence (20) for k + 1.
(ii) We will prove (21) by induction. Notice that the last term (with i = k) in (21) is ψ k . By Lemma 1, the system for σ' reads as
By (24) 1 we have
Assume that (21) holds for some k ≥ 2. Using (24) 3 , we find
By (24) 
. Substituting this into (25), we obtain ∂ t σ k+1 = ∂ t Ψ k+1 , and hence (21) for k + 1.
Remark 4. We may set F 0 = n, F 1 (τ 1 ) = τ 1 and φ 1 = 0. Differentiating the relation τ k = F k (τ 1 ) with k ≥ 1, see Proposition 4, and replacing ∂ t τ 1 = − n 2 N (s) by Lemma 1, we find
Comparing (26) with
Similarly, for functions Ψ k (σ 1 ) in (21) we set Ψ 0 = 1, Ψ 1 (σ 1 ) = σ 1 and ψ 1 = 0, and obtain
Lemma 2 (see [9] ). The vector field
In particular, all variations g t ∈ M preserve Riemannian foliations.
We will use the following condition for convergence of evolving conformal metrics (for a general formulation see [1, Appendix A]).
Proposition 5. Let ∂ t g t = s tĝt (t ≥ 0) be a one-parameter family of F-conformal Riemannian metrics on a closed manifold M with a codimension-one foliation F and a unit normal N . Define a function v(t) = sup M |s t | g(t) and assume that ∞ 0 v(t) dt < ∞. Then, as t → ∞, the metrics g t converge in C 0 to a smooth limit Riemannian metric g ∞ .
Proof. Our assumptions ensure that the metrics g t converge in C 0 to a symmetric (0, 2)-tensor g ∞ . Notice that the metrics are uniformly equivalent: c −1ĝ 0 ≤ĝ t ≤ cĝ 0 for some c > 0 and all t ≥ 0. Hence, g ∞ is positive definite.
The Extrinsic Geometric Flow
We study two types of evolution of Riemannian metrics on (M, F), depending on functions f m (m < n), at least one of them is not identically zero:
Definition 1. Given functions f m of type either (a) or (b), a family g t , t ∈ [0, ε), of adapted Riemannian metrics on (M, F, N ) satisfying along F the PDE (3), see also (5), will be called an Extrinsic Geometric Flow (EGF). The corresponding normalized EGF is defined along F by
Lemma 3. Let g t be the solution to EGF (3). Then the Weingarten operator A of F w. r. t. g t satisfies
, we obtain (29). Let g t be a family of Riemannian metrics of finite volume on (M, F).
The next proposition shows that unnormalized and normalized EGFs differ only by rescaling along F.
Proposition 6. Let (M, F) be a foliation, and g t a solution (of finite volume) to EGF (3) with
evolve according to the normalized EGF
Proof. By Remark 3,τ j = τ j and h(Ã) = h(A) (for metricsg t and g t , respectively). Hence,
From (14) with S = ∇ t N h(b) we get the derivative of the volume function
Thus φ t = vol(M, g t ) −2/n is a smooth function. By Remark 3, we have h(b) = φ t · h(b). By the above andĝ t = φ tĝt , we have
Using (14) and
Let ρ t be the average of N (tr h(A)), see (30). From the above we get
This shows that ρ t /n = −φ ′ t /φ t . Hence,g evolves according to (30). Obviously, EGFs preserve Riemannian foliations. Totally geodesic foliations are the fixed points of (3). We shall show that EGFs preserve the umbilicity of F. Define the function of one variable by
Proposition 7. Given g 0 on (M, F), let g t (0 ≤ t < ε) be a unique smooth solution to the EGF (3) with f m of type (b). If F is umbilical for g 0 and ψ ′ (λ) > 0 then F is umbilical for any g t .
Proof. Since F is g 0 -umbilical, we have A 0 = λ 0 id for some function λ 0 : M → R. Hence, h(A 0 ) = −ψ(λ 0 )î d. Assume that F is umbilical for all g t , then
where λ t : M → R are smooth functions. In this case, by Lemma 1 with s = −ψ(λ t ), we have
Since ψ ′ (λ) > 0, the PDE (31) is parabolic and admits a unique local solution, see Appendix. Now, (3) reads as
from which we findĝ t = exp(− t s=0 N (ψ(λ s )) ds)ĝ 0 along F. The Weingarten operator of certain metricsg t is conformal: A t = λ t id. Thus,g t is the solution of (3). Our assumptions ensure that a solution is unique, henceg t = g t for all t.
Searching for power sums
Although EGF (3) consists of (second order) non-linear PDEs, the corresponding power sums τ i (i > 0) satisfy an infinite quasilinear system. Proposition 8. Power sums {τ i } i∈N of EGF (3) with f m of type (a) satisfy the infinite system
The n-truncated system (33) is
where a = a( − → τ , N ( − → τ )) is a smooth vector-function.
Proof. Since (3), we substitute S = ∇ t N h(b) into (19) 1 and obtain
The desired system (33) follows from the above and the identity
By Proposition 14 (see Appendix), the system (33) is equivalent to (34).
Proposition 9. Power sums {τ i } i∈N of EGF (3) with f m of type (b) satisfy the infinite system
where N (f m ) = s f m,s N (τ s ) and
The n-truncated system (37) is
where a = a( − → τ , N ( − → τ )) is a smooth vector-function, the matrices B n andÃ are defined in (7).
Proof. It is similar to proof of Proposition 8. Substituting S = ∇ N h(b) into (19) 1 , see (3), we obtain (35). The desired system (37) follows from the above and (36). By Proposition 14, the system (37) is equivalent to (38).
Problem. Express a i (i > 1) in Propositions 8 and 9 through the scalar invariants of A and ∇ t N A. 
see [9] . Since tr T r (A) = (n − r) σ r , the corresponding to (4) normalized flow is
For EGF (4), denoting T j = T j (A), by Lemma 1, we have
One may express the above (by induction) through σ's and their N -derivative.
Local existence and uniqueness of metrics
We shall prove our results concerning the existence/uniqueness of EGFs (3) and their corollaries. For brevity we shall omit the index t for time-dependent tensors A, a, b j and functions τ i , σ i . Generally, EGFs with f m of type (a) are solvable under additional conditions (e.g., for A and the auxiliary functions f m ). The following theorem concerns EGFs with f m of type (a) and is essential in the proof of Theorem 2 about EGFs with f m of type (b).
The coordinate system described in the following lemma, see [2, Section 5.1], is here called a biregular foliated chart.
Lemma 4. Let M be a differentiable manifold with a codimension-1 foliation F and a vector field N transversal to F. Then for any q ∈ M there exists a coordinate system (x 0 , x 1 , . . . x n ) on a neighborhood U q ⊂ M (centered at q) such that the leaves on U q are given by {x 0 = c} (hence the coordinate vector fields ∂ i = ∂ x i , i ≥ 1, are tangent to leaves), and N is directed along ∂ 0 = ∂ x 0 (one may assume N = ∂ 0 at q). F, g ) is a foliated Riemannian manifold and N is the unit normal to F, then in biregular foliated coordinates (x 0 , x 1 , . . . , x n ), one may present the metric g in the form
If (M,
where one may assume g 00 = 0 along the axis (x 0 , 0, . . . , 0). Let g ij be the entries of the matrix inverse to (g ij ) and g ij,k the derivative of g ij in the direction of ∂ k . We have
Lemma 5 (see [9] ). For a metric (41) in biregular foliated coordinates (of a codimension-one foliation F) on (M, g), one has N = ∂ 0 / √ g 00 (the unit normal) and
/ √ g 00 (the second fundamental form), 
In particular, τ 1 = −1 2 √ g 00 r, s g rs,0 g rs .
Proof of Theorem 1. Given q ∈ M , by Lemma 4, there exist biregular foliated coordinates (x 0 , x 1 , . . . x n ) on U q ⊂ M (with center at q) and the metric has the form (41). Then the unit normal to F on U q is N = g −1/2 00 ∂ 0 . Denote F ij := h(b)(t, x, g ab , ψ ab ) ij and ψ ab = ∂ 0 g ab . The EGF system (3) with f m of type (a) has the following form along N -curve γ : x → γ(x) (on U q ):
where g 00 = 1 along the axis γ 0 = (x 0 , 0, . . . , 0). Certainly, EGF system (5) has a shorter form
For example, if f m = 0 for m ≥ 2, then F ij = f 0 g ij + f 1 b ij (i, j > 0), and (42) reads as:
which is parabolic when f 1 < 0, see also (6) . Using Theorem A completes the proof in this case. Now let f m = 0 for some m ≥ 2 (e.g., general f m ). Computing the derivative
we rewrite (42) as the quasi-linear system
In general, the following square matrix of order 1 2 n(n + 1) is not symmetric:
We claim that (44) is strong parabolic. If we change the local coordinate system on M , the components F ij (i ≤ j) and ψ ab (a ≤ b) at q will be transformed by the same tensor low. Hence, The strong parabolicity is a pointwise property, so can be considered at any point q ∈ M in a special biregular foliated chart around q, for example, such that g ij = δ ij and A ij = k i δ ij at q for t = 0. (Recall that (k i ) are the principal curvatures of F). In this chart, our calculations show that the matrix d ψ F is diagonal, so has real eigenvalues at q, and
By (6), the system (44) is strong parabolic: the constant in the condition (55), see Appendix, is c = inf
By Theorem A (in Appendix), given q ∈ M there exists a unique solution to (44) which is defined in U q along the N -curve through q for some time interval [0, ε q ) and satisfies the initial conditions g ij (0, x) = g 0,ij . By Theorem A, the value ε q continuously depends on q ∈ M . The claim follows from the above and compactness of M .
Example 5 (see [9] ). For h(b) = b 2 , the matrix d ψ F (q) in an orthonormal frame at any point is 
with the order of indices [1, 1] , [1, 2] , [1, 3] , [2, 2] , [2, 3] , [3, 3] . At q for t = 0 (i.e., ψ ab = 0, a = b and ψ aa = k a ) it is diagonal with the elements µ 2;ab = k a + k b . For instance, let A 0 = [ Remark that for EGFs with general f m of type (b), the solution procedure requires additional assumptions (e.g., for the auxiliary functions f m and the matrix B n ).
Proof of Theorem 2. Let A 0 and − → τ 0 be the values of extended Weingarten operator and power sums of the principal curvatures k i of (the leaves of) F determined on (M, F) by a given metric g 0 . a) Uniqueness. Let g (1) t and g (2) t be two solutions to (3) with the same initial metric g 0 . Functions − → τ t,1 and − → τ t,2 , corresponding to g (1) t and g (2) t , satisfy (37) and have the same initial value − → τ 0 . By Theorem A (see Appendix), a solution of the parabolic system (37) is unique, and we have − → τ t,1 = − → τ t,2 = − → τ t on some positive time interval [0, ε 1 ). Hence, both g (3) with f m of type (a) with known functionsf j (·, t) := f j ( − → τ t , t) has a unique solution g * t (g * 0 = g 0 ) for 0 ≤ t < ε * . The Weingarten operator A * t (A * 0 = A 0 ) of (M, F, g * t ) satisfies (29), hence the power sums of its eigenvalues, − → τ t, * ( − → τ 0, * = − → τ 0 ), satisfy (33) with f m of type (a) with the same coefficient functionsf j . By Proposition 8 and Theorem A, the solution of the problem is unique, hence − → τ t = − → τ t, * , i.e., − → τ t are power sums of eigenvalues of A * t . Finally, g * t is a solution to (3) such that − → τ t are power sums of the principal curvatures of F in this metric.
Proof of Theorem 3 and Propositions 1-3
Proof of Theorem 3. In biregular foliated coordinates, (8) has the form of parabolic PDEs
see also (43). One may assume g 00 = 1 along the central N -curve γ 0 (s), hence ∂ t g ij = ∂ 00 g ij along γ 0 . This linear system has a unique global solution g ij (t) for all t ≥ 0, which converges tō g = (ḡ ij ) as t → ∞ (along any N -curve), see Appendix. Hence there is a global solution g t (t ≥ 0) on M . Since N -curves compose a S 1 -fibration, from (14), we conclude thatḡ is positive definite and the limitḡ = lim t→∞ g t is a smooth metric on M .
The corresponding system for τ 's, see (34) with
In particular, we have ∂ t τ 1 = N (N (τ 1 )); from this easily follows that N (τ 1 ) satisfies the heat equation (N (τ 1 )) ). Hence, the limit N (τ 1 ) = const along N -curves. Sinceτ 1 is bounded on a compact manifold M , we obtain N (τ 1 ) = 0. By the integral formula
, we conclude thatτ 1 = 0 on M . Proof of Proposition 1. Define φ : M → R by the equality f = e φ . We have
The evolution ∂ t g(t) = (s(t) g 1 (t)) ⊕ 0 preserves twisted product structure. Denotingĝ t = g 1 (t), we obtain g(t) = (f (t) 2ĝ 1 ) ⊕ g 2 , where g 2 does not depend on t. Assuming f (t) = e φ(t) , we find g t = e 2φ(t)ĝ 0 . In this case,
Replacing t → t/n, one may reduce (45) to the heat equation. Hence, see Proposition 6, there is a unique solution φ(t, x, y) for all t ≥ 0, satisfying lim t→∞ φ(t, x, y) =φ(x). Certainly,f = eφ.
Proof of Proposition 2. By Remark 4, we have F
By this and Lemma 1, we conclude that τ 1 satisfies the quasi-linear PDE
This PDE is parabolic when a > 0 (see Section 9.1) that proves (i). The proof of (ii) is similar.
Proof of Proposition 3. By Lemma 1 with S = sĝ and s = −N (τ 1 − F ), we conclude that the functions τ 1 − F and N (τ 1 − F ) satisfy the heat equation (see Appendix) along N -curves,
There is a unique solution, τ t 1 , for all t ≥ 0; moreover, τ t 1 →τ 1 uniformly as t → ∞, with the property N (τ 1 − F ) is constant along N -curves. Since M is compact, we find that N (τ 1 − F ) = 0, henceτ 1 − F is constant along N -curves. With known τ t 1 , (13) also has a unique global solution
Let us apply the normalized EGF
By Remark 3, the mean curvature is the same for both EGFs: τ t 1 =τ t 1 . Let us differentiate the functional J F (t) = M F d vol t , using (14) with
By conditions, J F (0) = 0. Hence J F (t) ≡ 0, i.e., F has zero average on (M, g t ). Since N -curves are dense in M , we haveτ 1 − F = C for some C ∈ R. Thus, τ t 1 − F = C + o(1/t). Integrating over (M, g t ), we obtain
Since M τ t 1 d vol t = 0 (the g t -average of τ t 1 is zero), see (12) , and vol(M, g t ) = 1, we have C = 0. Proof of Theorem 4. By Proposition 2, τ 1 satisfies parabolic PDE (46). By Proposition 12, there is a global solution τ t 1 (t ≥ 0) and we have τ t i = F i (τ t 1 ) for i > 1. The metrics g t (t ≥ 0) are given by the formula g t = g 0 e [9] , applying for g t , we have 
EGF on foliated surfaces
In this section, (M 2 , g 0 ) is a surface equipped with a transversally orientable foliation F by curves. Given ψ ∈ C 3 (R), let a 1-parameter family of Riemannian metrics g t (0 ≤ t < ε) satisfies the PDE
see (10) and (32). Applying (14) with S = −N (ψ(λ t ))ĝ t , we have
Hence, the volume of a closed surface (M 2 , g t ) satisfies the equation
Proof. The g t -geodesic curvature λ t of F (w. r. t. N -the g t -unit normal to F) satisfies the PDE
see (31). By Proposition 12 in Section 9.1, (49) (with λ 0 determined by g 0 ) admits a unique smooth solution λ t for all t ≥ 0. In this case, the EGF (47) has a unique smooth solution g t on a surface M 2 for all t ≥ 0, moreover,ĝ t =ĝ 0 exp(− t 0 N (ψ(λ t )) dt). Example 6. Let ψ = 2 λ, i.e., ∂ t g = −N (2 λ t )ĝ t , and conditions of Proposition 10 are satisfied. Then (49) is the heat equation ∂ t λ t = N (N (λ t )) along N -curves, whose solution is known. The EGF solution isĝ t =ĝ 0 exp − Proposition 11. The Gaussian curvature of the EGF (47) on (M 2 , F) is given by formula
Proof. Notice that τ j = n λ j . By Lemma 2 with S = −N (ψ(λ t ))ĝ t (and n = 1), we have
Integrating the above ODE yields
In our case here, K = Ric(N, N ), therefore (50) is a consequence of (51) and the identity for codimension-one foliations (see [9, Proposition 1.4] with r = 0),
Indeed, one should apply the identities div N = −τ 1 and div(
Example 7. Let a function f ∈ C 2 (−1, 1) has vertical asymptotes x = ±1 and exactly one strong minimum at x = 0. For example, f = 
Identifying the points (−1, y) ≃ (1, y), we obtain a foliated cylindrical surface S 1 × R. Next, identifying the points (1, y) ≃ (1, y + n) for n ∈ Z, we obtain a foliated flat torus Π ′ = S 1 × S 1 .
Denote α(x) the angle between the leaves L s and the x-axis at the intersection points. That is, f and α are related by
The geodesic curvature of L s is
The tangent and unit normal to F vector fields (on the strip) are X = [cos α(x), sin α(x)], N = [− sin α(x), cos α(x)]. The unit normal N at the origin is directed along y-axis. We use X and N to represent the standard frame e 1 = cos α(x)X − sin α(x)N, e 2 = sin α(x)X + cos α(x)N in Π. Taking α(x) = π 2 x, we obtain the Reeb foliation with λ 0 (x) = π 2 cos( π 2 x) > 0. Let the Riemannian metrics g t for t ∈ [0, ε) satisfy (47) on Π ′ . Henceĝ t =ĝ 0 e −Ut , where
So, g t (X, X) = e −Ut , g t (X, N ) = 0, and g t (N, N ) = 1. The scalar products g 11 (t) = g t (e 1 , e 1 ), g 12 (t) = g t (e 1 , e 2 ) and g 22 (t) = g t (e 2 , e 2 ) are g 11 (t) = sin 2 α + cos 2 α e −Ut , g 12 (t) = sin α cos α(e −Ut − 1), g 22 (t) = cos 2 α + sin 2 α e −Ut .
In particular, |g t | = g 11 (t)g 22 (t) − g 12 (t) 2 = e −Ut . The N -curves γ(s) = (x(s), y(s)) satisfy the system of ODEs Let ψ(λ) = 2 λ, see Example 6. By Proposition 10, the EGF ∂ t g t = −2 N (λ t )ĝ t admits on Π ′ a unique global solution g t (t ≥ 0), and (by Example 6) the function vol(Π ′ , g t ) is decreasing. Hencê g t =ĝ 0 e −Ut , where U t = − sin α(x) t 0 ∂ x λ ξ (x) dξ, and λ evolves along N -curves with arc-length parameter s ∈ R by the heat equation ∂ t λ = ∂ 2 ss λ. In terms of x, we have ∂ t λ = sin α(x) 2 ∂ 2 xx λ. This heat conduction PDE in a material with variable "thermal conductivity" sin α(x) 2 on a circle is parabolic everywhere except one (singular) point x = 0. Using Example 8 (i), we write solution along N -curves as
Since λ 0 (φ 0 (s)) → 0 quickly as |s| → ∞, we have uniform convergence λ t (x) → 0 as t → ∞ for any x ∈ (−1, 1). Along the leaves L ±∞ the metric does not change, hence λ t (±1) = 0 for all t ≥ 0. It is known that a curve on a surface with λ = 0 is a geodesic. From the above we conclude that g t do not converge as t → ∞ to a Riemannian metric on a torus Π ′ , see Remark 2 (otherwise F becomes a geodesic foliation, that contradicts to the fact that Reeb foliation is not geodesible). Since g t do not depend on the y-coordinate, the Gaussian curvature is given by (see [9] )
Substituting g 22 (t) = cos 2 α + sin 2 α · e −Ut into the above formula yields
Because α(0) = 0 and U t (0) = 0, by (52) one has K t (0) ≡ 0. For α = π 2 x and small x we have
Thus K t (x) (for t > 0) changes its sign when we cross the line x = 0.
Appendix: PDEs
In Section 9.1, follow [12] we discuss parabolic PDEs and prove Proposition 12 about the quasilinear heat equation. In Section 9.2, using the generalized companion matrix, defined in [9] , we prove Proposition 14 about infinite system of parabolic PDEs.
Parabolic PDEs in one space variable
Now, we recall some facts about parabolic systems of quasi-linear PDEs. Let A = (a ij (t, x, u)) be an n × n-matrix, a = (a i (t, x, u, ∂ x u)) -an n-vector, and t, x ∈ R. Consider the quasilinear system of PDEs, n equations in n unknown functions u = (u 1 , . . . , u n )
PDEs (53) are homogeneous if a ≡ 0. When A depends on t and x only, the system is semilinear. When A and a are functions of t and x, the system is linear. The initial value problem for (53) with given smooth data A, a and u 0 ,
consists in finding smooth function u(t, x) satisfying (53) -(54).
The parabolicity condition for (53) says that there is c = const > 0 such that
Theorem A [12, Ch. 15, Proposition 8.3] . Suppose that A of class C ∞ satisfies the parabolicity condition (55). Then the system (53)-(54) with u 0 ∈ H s (R) (the Sobolev space) for some s > 1,
, which persists as long as u C r is bounded, given r > 0.
One may apply this and the maximum principle to obtain the global existence and uniqueness result for a scalar parabolic equation (i.e., n = 1 and
The following proposition is standard, for the convenience of the reader, we give its proof.
Proposition 12. Let a function k(u) ∈ C ∞ (R) (the thermal diffusivity) satisfies
Then the quasi-linear heat equation on a unit circle S 1
admits a unique solution u ∈ C ∞ ([0, ∞) × S 1 ). Moreover, there exists lim t→∞ u(t, x) = u ∞ ∈ R, and for some real α, K > 0 the following inequalities are satisfied:
Proof. By Proposition 9.11 in [12, Ch. 15] , there is a unique solution u ∈ C ∞ ([0, ∞) × S 1 ). By the maximum principle, u(t, ·)
The monotone function ϕ (of one variable) satisfies inequalities
The PDE (56) 1 reads as
Let us compare it with the linear PDE on S 1 ,
wherek(t, x) = k(u(t, x)) is given. Indeed, c 1 ≤k(t, x) ≤ c 2 for all t > 0 and x ∈ S 1 . From the existence and uniqueness of a solution to (59) we conclude that v = v. Denote u ∞ ∈ R the average of u 0 over S 1 , and set v ∞ = ϕ(u ∞ ). The function w = v(t, x) − v ∞ solves the linear PDE on S 1
By the theory of linear PDEs, (60) possesses a fundamental solution G(t, x, y) which can be built by the classical parametrix method, and satisfies the inequalities 0 ≤ G ≤ KG for some real K > 0. Here G is the fundamental solution of the heat equation ∂ t u = α ∂ 2 xx u for some constant α > 0, see survey [4] . Recall that G(t, x, y) = j≥0 e −α j 2 t φ j (x) φ j (y), where φ j denotes the eigenfunction (of operator −α ∂ 2 xx on S 1 with eigenvalue λ j = αj 2 ) satisfying S 1 φ j (x) dx = 1. Indeed, w(t, x) = S 1 G(t, x, y) (ϕ(u 0 (y)) − v ∞ ) dy. Thus, for all t > 0 and x ∈ S 1 we have a priori estimate ϕ(u(t, ·)) − ϕ(u ∞ ) S 1 ≤ K e −α t ϕ(u 0 ) − ϕ(u ∞ ) S 1 .
From this, using inequalities c 1 u(t, ·) − u ∞ S 1 ≤ ϕ(u(t, ·)) − ϕ(u ∞ ) S 1 , e −α t ϕ(u 0 ) − ϕ(u ∞ ) S 1 ≤ c 2 e −α t u 0 − u ∞ S 1 , see (58), we deduce (57). e −ijx , where j ∈ Z \ {0}. The heat equation on S 1 ,
has a unique solution for functions u ∈ C([0, ∞), H 2 (S 1 )) ∩ C 1 ((0, ∞], L 2 (S 1 )). By Sobolev embedding theorem, H 2 (S 1 ) ⊂ C 1 (S 1 ). The solution of (62) has the property that u(t, ·) ∈ C ∞ (S 1 ) for all t > 0. Moreover, u(t, ·) →ū 0 as t → ∞, whereū 0 = where i 2 = −1, z is a complex number and τ is confined to the upper half-plane. Taking z = x ∈ R and τ = 4πt i with real t > 0, we write θ(x, 4πt i) = 1 + 2 ∞ n=1 e −4π 2 n 2 t cos(2πnx), which satisfies the heat equation (62) 1 . Since lim t→0 θ(x, 4πt i) = n∈Z δ(x − n), the solution of (62) can be specified by convolving the periodic boundary condition at t = 0 with θ(x, 4πt i).
(iii) Follow [3] , denote U (t, x) = sin x √ cos 2 x+e 2t (t ≥ 0) and k(u) = 1 1+u 2 . We have a 3-parameter family u(t, x) = U (ω 2 (t + β 1 ), ω(x + β 2 )) of exact solutions to the PDE (56), ∂ t u = ∂ x (k(u) ∂ x u)) on S 1 . Set ω = 1 and β 1 = β 2 = 0, hence u(t, x) = U (t, x) and u 0 (x) = sin x √ cos 2 x+1
. Indeed, lim t→∞ u(t, x) = u ∞ = 0 for all x ∈ S 1 . Since 0 ≤ u 2 ≤ 1, we conclude that 1 2 ≤ k(u) ≤ 1. Finally, we have u(t, ·) S 1 ≤ e −t and u 0 S 1 = 1, that is consistent with (57).
The generalized companion matrix
Let P n = k n − p 1 k n−1 − . . . − p n−1 k − p n be a polynomial over R and k 1 ≤ k 2 ≤ . . . ≤ k n be the roots of P n for n > 0. Hence, p i = (−1) i−1 σ i , where σ i are elementary symmetric functions of the roots k i . The following generalized companion matrix (see [9] ) plays a key role in this work: 
Lemma 6 (see [9] ). The matrix (63) has the following properties:
a) The characteristic polynomial of B n,1 is P n . Proposition 13 (see [9] ). Let τ i (t, x) (i ∈ N) be the power sums of smooth functions k i (t, x) (1 ≤ i ≤ n). Given m > 0, consider the infinite system of linear PDEs
